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Introduction to TMDs and Saturation Physics

Transverse Momentum Dependent parton distributions

Semi-inclusive Deep Inelastic Scattering

Semi-inclusive hadron production in deep inelastic scattering (SIDIS) provides a power-
ful probe of the transverse momentum dependent (TMD) quark distributions of nucleons.
Common kinematic variables have been described in the DIS section (see the Sidebar on
page 18). In SIDIS, the kinematics of the final state hadrons can be specified as follows

x

y

z

φS

�

Ph

S⊥

k

k

q

Figure 2.11: Semi-inclusive hadron production
in DIS processes: e + N ! e0 + h + X, in the
target rest frame. P hT and S? are the trans-
verse components of P h and S with respect to
the virtual photon momentum q = k � k0.

�h, �s Azimuthal angles of the final state
hadron and the transverse polarization
vector of the nucleon with respect to
the lepton plane.

PhT Transverse momentum of the final state
hadron with respect to the virtual pho-
ton in the center-of-mass of the virtual
photon and the nucleon.

z = Ph · P/q · P gives the momentum frac-
tion of the final state hadron with re-
spect to the virtual photon.
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Figure 2.12: Leading
twist TMDs classified ac-
cording to the polarizations
of the quark (f, g, h)
and nucleon (U, L, T).

The distributions f?,q
1T and

h?,q
1 are called naive-time-

reversal-odd TMDs. For glu-
ons a similar classification of
TMDs exists.

The di↵erential SIDIS cross section can be written as a convolution of the transverse
momentum dependent quark distributions f(x, kT ), fragmentation functions D(z, pT ), and
a factor for a quark or antiquark to scatter o↵ the photon. At the leading power of 1/Q,
we can probe eight di↵erent TMD quark distributions as listed in Fig. 2.12. These distri-
butions represent various correlations between the transverse momentum of the quark kT ,
the nucleon momentum P , the nucleon spin S, and the quark spin sq.

32

As compared to Feynman PDFs, TMDs contain extra degrees of freedom (k⊥).
Unintegrated Gluon Distributions (UGDs) at small-x also depend on k⊥.
However, TMDs were mainly used in large-x and in the context of spin physics.
TMDs (Sudakov type logarithms) and UGDs (Small-x logarithms) evolve differently.
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Introduction to TMDs and Saturation Physics

High density QCD

Saturation Phenomenon (Color Glass Condensate)

Gluon Splitting

Gluon Recombination

Resummation of the αs ln 1
x ⇒ BFKL equation. (In DIS, xbj = Q2

s )

When too many gluons squeezed in a confined hadron, gluons start to overlap and
recombine⇒ Non-linear dynamics⇒ BK equation

Introduce the saturation momentum Qs(x) to separate the saturated dense regime x < 10−2

from the dilute regime.
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Introduction to TMDs and Saturation Physics

3D Tomography of Proton

The bigger picture:

Figure 2.2: Connections between di↵erent quantities describing the distribution of partons
inside the proton. The functions given here are for unpolarized partons in an unpolarized proton;
analogous relations hold for polarized quantities.

tum, and specific TMDs and GPDs quan-
tify the orbital angular momentum carried
by partons in di↵erent ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a di↵erent theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10�3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
partons are resolved. Wide coverage in x
is hence essential for going from the valence
quark regime deep into the region of gluons
and sea quarks, whereas a large lever arm in
Q2 is the key for unraveling the information
contained in the scale evolution of parton dis-
tributions.

17

In small-x physics (color glass condensate), we use different objects: dipole, quadrupole.
Dipole, quadrupole⇒ Unintegrated Gluon Distributions (UGDs) at small-x.
Impact parameter b⊥ dependent UGDs⇔ gluon Wigner distributions? [Ji, 03]
Can we measure the gluon Wigner distribution at small-x? Yes, we can!
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Introduction to TMDs and Saturation Physics

The exact connection between dipole amplitude and Wigner distribution

[Hatta, Xiao, Yuan, to appear] Definition of gluon Wigner distribution:

xWT
g (x,~q⊥;~b⊥) =

∫
dξ−d2ξ⊥
(2π)3P+

∫
d2∆⊥
(2π)2 e−ixP+ξ−−iq⊥·ξ⊥

×
〈

P +
∆⊥

2

∣∣∣∣F+i
(
~b⊥ +

ξ

2

)
F+i

(
~b⊥ −

ξ

2

)∣∣∣∣P− ∆⊥
2

〉
,

Let us choose proper gauge link and define GTMD [Meissner, A. Metz and M. Schlegel, 09]

xG(x, q⊥,∆⊥) ≡
∫

d2b⊥e−i∆·b⊥xWT
g (x,~q⊥;~b⊥).

With one choice of gauge link (dipole like) and b⊥ = 1
2 (R⊥ + R′⊥), we demonstrate

xGDP(x, q⊥,∆⊥) =
2Nc

αs

∫
d2R⊥d2R′⊥

(2π)4 eiq⊥·(R⊥−R′⊥)+i
∆⊥

2 ·(R⊥+R′⊥)

×
(
∇R⊥ · ∇R′⊥

) 1
Nc

〈
Tr
[
U (R⊥) U†

(
R′⊥
)]〉

x
.∫

d2∆⊥xGDP(x, q⊥,∆⊥)⇒ TMD;
∫

d2q⊥xGDP(x, q⊥,∆⊥)⇒ GPD at small-x.
Non-trivial angular correlation between ∆⊥ and q⊥. See also [Golec-Biernat, Stasto, 03]

6 / 17



Introduction to TMDs and Saturation Physics

Probing 3D Tomography of Proton at small-x

Diffractive back-to-back dijet productions:

−q⊥ − ∆⊥
2q⊥ − ∆⊥

2

p p′

k1

k2

Measure final state proton recoil ∆⊥ as well as dijet momentum k1⊥ and k2⊥.

We can obtain xGDP(x, q⊥,∆⊥) directly since q⊥ ' P⊥ ≡ 1
2 (k2⊥ − k1⊥).

By measuring 〈cos 2 (φP⊥ − φ∆⊥)〉, we can learn more about the low-x dynamics.

WW Wigner (WWW) distribution can be also defined and measured.

Linearly polarized Wigner distribution, etc. This is only the beginning.
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions1

In small-x physics, two gluon distributions are widely used:[Kharzeev, Kovchegov, Tuchin; 03]
I. Weizsäcker Williams gluon distribution([Kovchegov, Mueller, 98] and MV model):

xGWW(x, k⊥) =
S⊥
π2αs

N2
c − 1
Nc

∫
d2r⊥
(2π)2

e−ik⊥·r⊥

r2
⊥

[
1− e−

r2
⊥Q2

sg
4

]
II. Color Dipole gluon distributions:

xGDP(x, k⊥) =
S⊥Nc

2π2αs
k2
⊥

∫
d2r⊥
(2π)2 e−ik⊥·r⊥e−

r2
⊥Q2

sq
4 ⇐ 1

Nc
Tr
[
U(r⊥)U†(0⊥)

]
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A tale of two gluon distributions

1As far as I know, the title is due to Y. Kovchegov and C. Dickens.
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

In terms of operators (known from TMD physics [Bomhof, Mulders and Pijlman, 06]),
two gauge invariant gluon definitions: [Dominguez, Marquet, Xiao and Yuan, 11]
I. Weizsäcker Williams gluon distribution:

xGWW(x, k⊥) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [+]†F+i(0)U [+]|P〉.

II. Color Dipole gluon distributions:

xGDP(x, k⊥) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [−]†F+i(0)U [+]|P〉.

ξ
−

ξT

ξ
−

ξT

U [−] U [+]

Remarks:
The WW gluon distribution is the conventional gluon distributions.
The dipole gluon distribution has no such interpretation.
Two topologically different gauge invariant definitions.
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

[F. Dominguez, C. Marquet, Xiao and F. Yuan, 11]
I. Weizsäcker Williams gluon distribution

xGWW(x, k⊥) =
2Nc

αS

∫
d2R⊥
(2π)2

d2R′⊥
(2π)2 eiq⊥·(R⊥−R′⊥)

× 1
Nc

〈
Tr [i∂iU(R⊥)] U†(R′⊥)

[
i∂iU(R′⊥)

]
U†(R⊥)

〉
x
.

II. Color Dipole gluon distribution:

xGDP(x, k⊥) =
2Nc

αs

∫
d2R⊥d2R′⊥

(2π)4 eiq⊥·(R⊥−R′⊥)

(
∇R⊥ · ∇R′⊥

) 1
Nc

〈
Tr
[
U (R⊥) U†

(
R′⊥
)]〉

x
,

Quadrupole⇒Weizsäcker Williams gluon distribution;

Dipole⇒ Color Dipole gluon distribution;

Generalized universality in the large Nc limit in ep and pA collisions
⇒ Effective dilute dense factorization.
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A Tale of Two Gluon Distributions

A Tale of Two Gluon Distributions

In terms of operators, we find these two gluon distributions can be defined as follows:
I. Weizsäcker Williams gluon distribution: II. Color Dipole gluon distributions:

k⊥ = 0 k⊥ 6= 0

Questions:

Modified Universality for Gluon Distributions:

Inclusive Single Inc DIS dijet γ +jet g+jet
xGWW × ×

√
×

√

xGDP
√ √

×
√ √

×⇒ Do Not Appear.
√
⇒ Apppear.

Two fundamental gluon distributions which are related to the quadrupole and dipole
amplitudes, respectively.
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A Tale of Two Gluon Distributions

Dihadron correlations in dAu collisions

C(∆φ) =

∫
|p1⊥|,|p2⊥|

dσpA→h1h2

dy1dy2d2p1⊥d2p2⊥∫
|p1⊥|

dσpA→h1

dy1d2p1⊥

JdA =
1
〈Ncoll〉

σpair
dA /σdA

σpair
pp /σpp

Forward di-hadron angular correlations in RHIC dAu data
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Quadrupole operator

CGC calculation by C. Marquet (Nucl.Phys. A796 (2007)):

d⇥

d2kTd2qTdyqdyk
⇥ xq(x , µ2)

⇤
d2x

(2�)2
d2x ⇤

(2�)2
d2b

(2�)2
d2b⇤

(2�)2
e ikT (x ��x)e iqT (b��b)

|⇤q⇥qg (x � b, x ⇤ � b⇤)|2
⌅

S (6) � S (3) � S (3) + S (2)
⇧

Dihadron production cross section depends on six-point function

S (6)(b, x , x ⇤, b⇤) = Q(b, b⇤, x ⇤, x)S(x , x ⇤) + O
�

1

N2
c

⇥
,

where Q is a correlator of 4 Wilson lines

Q(b, b⇤, x ⇤, x) =
1

N2
c

⇤Tr U(b)U†(b⇤)U(x ⇤)U†(x)⌅

Heikki Mäntysaari (JYFL) Azimuthal angle correlations 31.5.2012 6 / 15

Quadrupole operator

Comparison with full JIMWLK evolution (see talk by T. Lappi)
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Gaussian approximation is accurate, Naive Large-Nc is not.
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Quadrupole operator

Comparison with full JIMWLK evolution (see talk by T. Lappi)
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Results: Coincidence probability

Preliminary numerical results
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Preliminary results by 

T Lappi and H. Mantysaari 

Hard Probes ’12
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3
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dAuJ

Comparing to STAR and PHENIX data

Physics predicted by [C. Marquet, 09].

Further calculated in [Marquet, Albacete, 10; Stasto, BX, Yuan, 11]

Physical picture: de-correlation of dijets due to dense gluonic matter.
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A Tale of Two Gluon Distributions

Dijet production in DIS

[L. Zheng, E. Aschenauer, J. H. Lee and BX, 14]
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Remarks:

For back-to-back correlation |k1⊥| ' |k2⊥| � q⊥ = k1⊥ + k2⊥.

Unique golden measurement for the Weizsäcker Williams gluon distributions.

EIC will provide us perfect machines to study gluon fields inside protons/nuclei.
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TMD evolution and small-x evolution

Evolutions: TMDs vs UGDs

Evolutions are effectively resumming large logarithms:

TMDs evolve with the CSS equation which resums Sudakov logarithms[
αsCR

2π
ln2 Q2

k2
⊥

]n

+ · · · , with Q2 � k2
⊥

UGDs follow the small-x evolution equations, such as BK or JIMWLK which resums[
αsNc

2π
ln

1
x

]n

, with x =
Q2

s
� 1
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TMD evolution and small-x evolution

Sudakov resummation in saturation formalism

One-loop Calculation for Higgs, Heavy-Quarkonium and Dijet processes⇒ Sudakov factor in
saturation physics. [A. Mueller, BX and F. Yuan, 13; P. Sun, J. Qiu, BX, F. Yuan, 13]

Multiple scales problem. k2
⊥ � Q2 ∼ M2 � s.

Joint Small-x
[
αsNc

2π ln 1
x

]n resummation and Sudakov factor
[
αsCR

2π ln2 Q2

k2
⊥

]n
resummation.

[Balitsky, Tarasov, 14] Starting from the same operator definition, xGWW:
TMD (moderate x ∼ Q2

s ) and W.W. (small-x, high energy with fixed Q2).
Unified description of the TMD and small-x UGD.

[Marzani, 15] QT resummation and small-x resummation.

Evolution issue resolved.
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Summary and Outlook

Summary

Figure 2.2: Connections between di↵erent quantities describing the distribution of partons
inside the proton. The functions given here are for unpolarized partons in an unpolarized proton;
analogous relations hold for polarized quantities.

tum, and specific TMDs and GPDs quan-
tify the orbital angular momentum carried
by partons in di↵erent ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a di↵erent theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10�3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
partons are resolved. Wide coverage in x
is hence essential for going from the valence
quark regime deep into the region of gluons
and sea quarks, whereas a large lever arm in
Q2 is the key for unraveling the information
contained in the scale evolution of parton dis-
tributions.
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Towards unification of TMD physics and small-x physics.

EIC will provide us the unprecedented 3D tomography of protons/nuclei.

Gluon saturation could be the next interesting discovery at the future EIC.
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Summary and Outlook

Other Topics and Progresses

The incomplete list of Other Topics and Progresses:
Linearly polarized gluon at EIC.

[Mulders, Rodrigues, 01]
[Boer, Brodsky, Mulders, and Cristian Pisano, 10; A. Metz and J. Zhou, 11; etc]

Gluon Sivers function at EIC.
[M. Diehl et al, INT report; L. Zheng, et al, in preparation]
[Review: Boer, Lorce, Pisano, Zhou, 15]

Spin effects in small-x approaches.
[Kovchegov, Pitonyak, Sievert...]
[Boer, Echevarria, Mulders, Jian Zhou, 15]
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